This paper illustrates that salient features of a panel of time series of annual citations can be captured by a Bass type diffusion model. We put forward an extended version of this diffusion model, where we consider the relation between key characteristics of the diffusion process and features of the articles. More specifically, parameters measuring citations' ceiling and the timing of peak citations are correlated with specific features of the articles like the number of pages and the number of authors. Our approach amounts to a multi-level non-linear regression for a panel of time series. We illustrate our model for citations to articles that were published in Econometrica and the Journal of Econometrics. Amongst other things, we find that more references lead to more citations and that for the Journal of Econometrics peak citations of more recent articles tend to occur later.
Introduction
Citations to scientific publications like journal articles often show characteristics that bear similarities with the diffusion of a new product. Shortly after publication, there are not many citations. Then, the number of citations starts to grow, and after a few years, citations may peak. Finally, after this peak, citations eventually level off towards zero. The reason for this may vary across articles. The article may become outdated or it may be replaced by better research. On the other hand, it may be the case that the article becomes so well known that citations are not needed anymore.
Strictly speaking, one then has an implicit citation process with a total number of citations that approaches infinity. In the present paper, the primary variable of our interest is the number of observed citations, which likely has an upper limit.
A visual characteristic of a typical observed cumulative citation series is that it follows an S-shaped pattern, which starts at zero and levels off to some upper bound.
This upper bound can be called the level of maturity or the ceiling. Various models can describe an S-shaped diffusion pattern. Examples of these models are the logistic model, the Gompertz model, the Bass model and various of its generalizations, see Meade and Islam (1998) for a survey, among others.
The model that is most often used in new product diffusion modeling is the Bass (1969) model. The main reason for this is that it finds its origin in a formal theory of product diffusion, and that the model parameters have an easy to understand interpretation in terms of innovation and imitation effects. There are various empirical versions of this model, and these are all rather easy to use, see Mahajan, Muller and Bass (1993) for a survey. The basic Bass model contains only three parameters.
Non-linear functions of these parameters can be used to estimate the timing of peak citations and the amount of cumulative citations at the time of this peak. Hence, diffusion data, when summarized by a Bass model, can be characterized by a small number of parameters. Using these parameters, one can easily compare various diffusion series.
In this paper we examine the characteristics of the diffusion process of scientific publications, where we choose to consider two econometrics journals. More precisely, we consider 411 articles that have been published in Econometrica in the years 1987 to 1995 and 116 articles in the Journal of Econometrics for 1988 to 1995. We choose Econometrica and the Journal of Econometrics as they are widely regarded as the leading journals in econometrics. It should be mentioned though that the Journal of Econometrics includes many articles which obtain zero or only a few citations, which prohibits the use of a Bass model, and hence the smaller number of included cases. Hence, we expect our empirical results for Econometrica to be more reliable.
We aim to describe the citation process over time of these 411 and 116 articles, where we have collected the citations up to and including 2001 for Econometrica and up to and including 2002 for the Journal of Econometrics. These citations do include self-citations, although the amount of self-citations is not large. For a few cases, we checked the robustness to the inclusion of self-citations, and we did not find strong signs that conclusions change substantially. We consider articles published up to and including 1995, as we find that peak citations typically tend to occur no earlier than after 5 to 6 years. Our decision is guided by the well-known fact that estimation routines for the Bass model deliver very inaccurate estimates if one only has data before the peak citations, see van den Bulte and Lilien (1997) .
The data we analyze constitute an unbalanced panel of time series. A direct comparison of the cumulative number of citations over the years would therefore not be fair. It is our aim to provide generalizing statements about the diffusion process of the citations, while correcting for the time the article has been available.
Our statements concern the link between the characteristics of the articles and the observable key features of the individual diffusion series. For example, we address the question whether more authors or more references lead to more citations. Also, did the diffusion process change over time? Do more recent articles get cited less often these days, and do peak citations occur more early in the process? When answering these questions we have to keep in mind that recent articles of course have had less opportunities to be cited than articles published earlier. Hence, we aim to summarize the data in a concise way, while preserving the opportunity to say something about all articles jointly.
One approach could be to consider a separate model for each of the articles. The resulting estimates can, in a second round, be regressed on another set of explanatory variables 1 . Strictly speaking, this is not a sound strategy as it is assumed for the second-round model that the estimated parameters are observed regressors, and thereby one assumes their uncertainty to be absent. In other words, this approach leads to too narrow confidence bounds in the second stage-regression model. One way to solve this problem is to resort to correcting the standard errors using for example instrumental variable methods. However, we believe that our approach to be discussed next is simpler as it jointly deals with the two parts of the model. In fact, subsequent statistical inference turns out to be not too complicated.
Our approach is based on the general notion of a multi-level regression model.
In this framework, the first-level parameters, which in our case are for example the maturity level and the location of the inflection point, are explicitly seen as functions of a set of regressors and an error term. Next, the parameters in this second level of the model are estimated directly. These parameters concern the relation between the diffusion characteristics and the article features. Estimates of, for example, the maturity level for a specific article can then be obtained using the second-stage parameters. In this paper, we put forward such a multi-level regression model for a panel of diffusion series. We should mention that an additional advantage of such an approach is that it entails possibilities for shrinkage, see also Blattberg and George (1991) , among others.
In a sense, our approach bears similarities with that in Talukdar, Sudhier and Ainslie (2002) . There are however three important differences. Talukdar et al. (2002) take the parameters in the original Bass model, and link these with a second set of variables. These parameters, however, have a strong non-linear effect on the diffusion process, which renders the parameters in the second-stage regression difficult to interpret. Instead, we focus on (i) the level of maturity, (ii) the fraction of cumulative citations at the peak, and (iii) the timing of the peak. These characteristics are continuous variables with a straightforward interpretation, and this facilitates an easy interpretation of the second-stage parameters. The second important difference is that we rely on a recently developed alternative version of the Bass model, see Boswijk and Franses (2002) . This new model deals explicitly with the nature of the error term, which should be heteroskedastic due to the very nature of the type of process. Next, this model includes an additional regressor.
The third difference, and also in contrast to Lenk and Rao (1990) , is that we rely on Simulated Maximum Likelihood to estimate the parameters.
The outline of this paper is as follows. In Section 2, we start off with a discussion of the single-variable Bass model, and, next, we discuss our multi-level panel model.
In Section 3, we apply this model to the data at hand. We discuss some features of the data first, then present the estimation results, which we summarize in a table with, say, prototypical articles. In Section 4, we conclude with remarks.
The model
In this section we start off with the representation of the Bass model for a single series. Next, we put forward the representation as advocated in Boswijk and Franses (2002) . We then discuss the multi-level model for a panel of diffusion series. Finally, we discuss parameter estimation of this last model.
Representation
The Bass model assumes a population of m potential adopters, where, in the context of citations, we will associate m with the maturity level. In our context, adopters should be viewed as articles which cite the articles under scrutiny. The maturity level can be viewed as the total number of citations in the long run. For each adopter, the time to adoption is a random variable with a distribution function F (t) and density f (t), such that the hazard rate equals
where p and q are the parameters that determine the shape of the diffusion process.
The cumulative number of adopters at time t, denoted by N (t), is a random variable with meanN (t) = E[N (t)] = mF (t), where t is measured in continuous time and the following differential equation, that is,
see Bass (1969) .
In the new product diffusion literature, it is common to interpret the parameter p as the innovation parameter, q as the imitation parameter, and m as the maturity level. Note that these parameters exercise a non-linear impact on the pattern of N (t) andn(t). Basic characteristics of the diffusion also non-linearly depend on p and q. For example, the inflection point T * of F (t), which corresponds with the time of peak adoptions, equals
A natural question is now how one can translate the theoretical model in (1) into an empirical model with parameters that can be estimated using actual discrete-time data. Bass (1969) proposes to use the cumulative number of adoptions in discrete time (N t , for t = 0, 1, 2, ..., T ) and the corresponding increments (
and to consider the regression model
where t = 1, . . . , T refers to a time series measured at discrete intervals. Bass (1969) further assumes that ε t is a standard white noise error term.
Recently, Boswijk and Franses (2002) modified this Bass regression model by allowing for heteroskedastic errors and by allowing for short-run deviations from the deterministic S-shaped growth path of the diffusion process, as implied by the differential equation in (2). These authors propose to consider
where W (t) is a standard Wiener process. The parameter α in (5) measures the speed of adjustment to the path implied by the standard Bass model. Additionally,
, there is an allowance for heteroskedasticity. A useful choice is to set γ = 1. Heteroskedasticity is relevant as, towards to endpoints of the diffusion process, one has more certainty about the likely realizations of the citations and cumulative citations. Boswijk and Franses (2002) derive that the discretization of this continuous time model is
where ∆ denotes the first differencing operator, and where
which shows that all parameters in (6) depend on α.
Towards a multi-level regression
In our present application, we have an unbalanced panel of diffusion time series, and it is our aim to model these series jointly. In panel format, our model is
where i = 1, . . . , N concerns a specific article, and t = 1, . . . , T i with T i the number of years in which article i could have been cited. As before, the β parameters are transformations of the underlying characteristics of the diffusion process, that is,
As the effects of p and q on the diffusion patterns are highly non-linear, we propose to focus on the inflection point, that is, the timing of the peak citations, T * i , and the level of the cumulative citations at the peak divided by m i , denoted as f i . Note that the Bass model imposes that 0 ≤ f ≤ 1 2 . The link between p i and q i and the inflection point parameters is given by
see Franses (2003) .
Combining (9) and (10), we can express the parameters in (8) in terms of the characteristics of the diffusion process. That is, we specify β 1,i , . . . , β 4,i as a function of the total number of citations (m i ), the fraction of cumulative citations at the inflection point (f i ), the time of the inflection point (T * i ), and the speed of adjustment (α i ) of X i,t to the equilibrium path. These functions will be denoted as
In this paper we are interested in explaining the characteristics of the diffusion process by the characteristics of the publications. That is, we want to relate m i , f i , T * i and α i to observable features of the articles. As mentioned before, a first and obvious approach is to consider a second-stage regression model in which the estimated first-round parameters are the dependent variables. There are two main problems with this approach. The first is that the estimated parameters from the first stage regression would be erroneously treated as given, while in reality they are, so-called, generated regressors. One may now consider the literature on generated regressors, but we believe that our multi-level model below is much simpler. A second drawback is that it can happen that the model in (8) Given this, we prefer to consider a multi-level non-linear regression model for the panel of diffusion series. The model consists of two levels and it is non-linear in its parameters, as we correlate the maturity level, timing of peak and cumulative citations at the peak, with explanatory variables. In our notation, the model is
where the Z i vector contains an intercept and explanatory variables. We assume 
Parameter estimation
The parameters in our multi-level model are now contained in θ 1 to θ 5 and Σ η . Estimates of these parameters can be obtained through maximum likelihood estimation.
The likelihood function of the model equals
where φ(η i ; 0, Σ η ) denotes the density function of a 5-variate normal distribution with mean 0 and covariance matrix Σ η evaluated at η i , i (η i ) is the likelihood contribution of article i conditional on η i , and e i,t (η i ) is the (unstandardized) residual of (11) given η i . Note that σ 2 i also depends on η i , as from (12) it follows that σ 2 i = exp(Z i θ 5 +η 5,i ). The integral in (13) cannot be solved analytically. To obtain parameter estimates we opt for Simulated Maximum Likelihood, see for example Gourieroux and Montfort (1996) . To reduce the variance of the likelihood simulator we use Importance Sampling, see Kloek and van Dijk (1978) and Geweke (1989) . To this end, we rewrite the likelihood function as
where Σ 1/2 η is the Choleski decomposition of Σ η and where g(η i ; m i , S i ) denotes the importance function which is set to the normal density with mean m i and variance
To approximate the likelihood we usẽ 
(iv) update location and scale parameters
and ( Under the usual regularity conditions, the SML estimator is consistent for N → ∞ and K → ∞. Furthermore, the estimator is asymptotically normal distributed. The standard errors can be computed using the so-called sandwich or robust asymptotic covariance matrix estimator recommended by McFadden and Train (2000) , see Newey and McFadden (1994) for a general discussion. In our two-stage model the covariance matrix of the parameter estimates can be estimated by
where the vector ω contains all parameters of the model, including those in Σ η , and where˜ i denotes the (simulated) likelihood contribution of article i. This estimator of the covariance matrix is to be preferred over the usual negative inverse of the Hessian of the likelihood, as the latter underestimates the covariance matrix for finite K as shown by Newey and McFadden (1994) .
Empirical results
In this section, we apply our multi-level non-linear regression model to the panels of articles in Econometrica and the Journal of Econometrics. First, we discuss some descriptive statistics of the data. Next, we present the estimation results for our model.
The data
We collected annual citations data using the Social Science Citation Index (SSCI) Mahajan, Muller and Bass (1993) . Hence, we decide not to include articles published after 1995, so all articles could receive at least 6 years of citations. Finally, we include only those articles which received a minimum amount of 10 citations, as otherwise there would be difficulties estimating the model parameters. Hence, all forthcoming results concern the citations to an article, given that there are enough citations.
In Tables 1 and 2 we summarize some descriptive statistics of the 411 relevant articles for Econometrica. These statistics concern the number of pages, the number of authors (with an obvious minimum of 1), the number of references and the number of citations cumulative up to and including 2001. The first three variables will be included as the explanatory variables (Z i ) in the second level of our model.
In Tables 3 and 4 we give the same descriptive statistics for the Journal of Econometrics. We see that there are not many differences across the two sets of tables, in terms of the number of pages, authors and references. And, similar to Econometrica, we also note that the number of pages has increased over time. It should again be mentioned here that we only consider 116 articles in the Journal of Econometrics as only these receive a substantial amount of citations.
Clearly, the most cited article in the last 15 years in Econometrica is the paper on error correction and cointegration by Robert Engle and Clive Granger. The distribution of the citations in Tables 1 to 4 appears to be rather skewed, hence we also present the median values. The median number of citations seems to decrease over the years, with about 40 in the beginning, and about 20 at the end. This is of course at least partly due to the fact that more recent articles simply could not receive that many citations as older articles.
To examine to what extent recent articles truly have a smaller citation potential, we consider our multi-level model, as it allows us to evaluate all diffusion series over the years.
We also observe that the median number of references has increased, and also that articles seem to have become longer. The number of authors seems to be rather constant over time.
From the literature on citations, see for example van Dalen and Henkens (2002) and the cited references therein, we can put forward the following conjectures. First, longer articles with more references and also articles with more authors tend to get more citations. The latter can be a result of self-citations, but it can also be due to network effects as more authors can give more presentations at seminars and conferences and as they each may have more students who might cite their work.
This means that the corresponding variables are expected to have a positive effect on log m i . More cumulative citations, at the end of the diffusion process, can be obtained by having an early peak with low relative citations, such that it takes a longer time and many citations to eventually arrive at the maturity level. However, it can also be obtained by a late peak with a high number of relative cumulative citations. In the first case, the journal under scrutiny can be seen as a journal with an immediate impact on a small group of early adopters of an article and a larger group of the so-called late majority. In the second case, there is a larger group of early adopters.
Finally, the literature on scientific citations also suggests that more recent articles are cited less often. This is supposed to be due to the publication pressure, which has established that the editorial process slows down, see also Ellison (2002) , while also the number of possible publication outlets has increased enormously. Indeed, when Econometrica started in 1933, there were just a few high quality journals with econometric articles, and nowadays there are many more.
A key feature of our approach is that, by focusing on the inflection point and the number of cumulative citations at this point and correlating these features with characteristics of the papers, we facilitate a comparison across papers. Hence, even though the final maturity level may differ substantially, the shape of the diffusion process may be rather similar across papers. However, the second-stage regression for the maturity level may be affected by large values of only a few papers. In fact, for this sample it may be that the Engle-Granger (1987) paper exercises an exceptional influence on the final parameter estimates. To see whether this is the case, we re-estimate the model parameters for all data except for those concerning this paper.
Estimation results
In Table 5 we report the estimation results for Econometrica. In this model we include in Z i the number of pages, the number of authors, the number of references, a trend variable, and the interaction of the number of authors, the number of pages and the number of references with the trend. For all models, we use K = 1000 draws per article to simulate the likelihood. Furthermore, we restrict the covariance matrix Σ η to be diagonal for computational convenience. Allowing for non-zero offdiagonal elements could well be possible but, in turn, would burden the computations substantially.
The main conclusions that can be drawn from Table 5 , are that more authors, more references and more pages lead to more total citations in the end, while these effects get smaller over time. More pages also lead to a later peak of citations and also to more cumulative citations at that peak. Interestingly, the amount of references has a negative impact on these two features, although this only holds for significance levels around 20 per cent. Another result from the model in this table is the strong positive effect of the interaction between references and the trend on the fraction of cumulative citations reached at the moment of peak citations. We also estimated a model for the case without the Engle-Granger article, and we find that the parameter estimates are very similar.
The estimation results for the full model, including the interaction terms, for the Journal of Econometrics data are displayed in Table 6 . We observe that, generally, the same type of variables has significant relevance for the variables to be explained, as we saw from Table 5 . The level at the inflection point does not depend on any explanatory variables. The location of the inflection point seems to depend on the trend and on its interaction with the number of authors. Finally, the last column shows that more certainty about the diffusion process can be achieved for articles with more references, although over time this effect has become smaller.
As is common for models that are non-linear in the parameters, it is not easy to assign specific interpretation to the parameter estimates only. For that reason, we give in Table 7 important descriptive statistics of three typical articles, which are based on the estimation results in Tables 5 and 6 . If we keep the number of pages fixed at 20, we see that more authors give more citations and a later peak, while, for Econometrica, more references also gives more citations, but now with an earlier peak. If we compare the results for the volumes of 1988 and 1995, we see interesting differences across the journals. Maturity levels for Econometrica have decreased over time and the timing of peak citations has not changed substantially.
For the Journal of Econometrics we see an increase in maturity level and the timing of peak citations. In other words, if Journal of Econometrics articles are cited at all, they nowadays are cited more often.
Conclusion
In this paper we put forward a new and rather parsimonious model to summarize the salient features of an unbalanced panel with diffusion data. We illustrated this model for the diffusion patterns of Econometrica and Journal of Econometrics articles.
We could see that certain aspects of the articles have an impact on the size of the citations' ceiling, the timing of peak citations, and other features. Additionally, we observed that the impact of these variables could change over the years. To better understand the model implications, we simulated the properties of three hypothetical articles. For the Journal of Econometrics we found that citations peak later. For
Econometrica we found that cumulative citations have decreased over time, while for the Journal of Econometrics the reverse effect holds.
A first consequence of our analysis is that one might wish to reconsider the current practice in use by the SSCI. This is that journals are ranked according to citations within 2 years after publication. First of all, it might be that this number of years should not be taken as fixed over the years, but rather that it varies over time. Second, it is likely that journals vary with respect to the citation diffusion of their articles. For example, one might evaluate Econometrica on the basis of citations until the average timing of the peak, which is, say, 6 years. Another journal can then be evaluated during a different period. This way one accounts for the possibility that each journal might have a different type of audience with a different citation style. In fact, journals in medicine and physics have an audience that cites immediately and hence the citation scores of their journals are much higher than those in, say, economics or statistics where there is much more delay between publication and citation. One reason for this might be that researchers in medicine for example focus on similar topics due to their acute importance for human health, while researchers in statistics and economics might address a wider range of nonoverlapping topics. In sum, to allow for different citation styles across journals and disciplines, one might correct for different time frames between publication and citation, and as such allow for a fairer comparison of journals across disciplines, and perhaps also within a discipline.
The present study suggests various avenues for further research, two of which will be mentioned here. The first is to see if there are generalizing statements to make about citation traditions across disciplines. For now, we only considered two econometrics journals, but one can also consider leading journals in economics, finance, marketing, regional studies and so on. Our model allows for a rather compact description of the citation process, and comparison across disciplines should be possible. The second topic concerns the role of mediating variables, like country, state, age of researcher (in terms of the maturity of career), and various aspects of the refereeing process, like time between submission and eventual publication and the number of referees. One then needs a rather detailed database, and perhaps these can made available by the editorial offices of various journals. 
